SEQUENCES

INFINITE SEQUENCE:_ Infinite sequence of real numbers is a function
a: N> R and it is denoted by {a, } where a, = a(n), n e N.

Exl: a, = %.

{an}t=-=1, %, < i, (neN)
Q1 32 A3 A4 ceeeereeeieieeeeee .-
Ex2: b, = (-1)™
b =(-1)™ =1, -1, 1, -1, .. (neN)
b1 by by bgeeeeeeeeee
Ex3: ¢,=K
{cn} =K= K, K, K, K, Kevorrrreeeieeeeeeciee e, (neN)

It is called a “Constant Sequence” where K is an arbitrary constant.
Sequences are often defined recursively.
Ex: a;=1 anda,=an1 +1then

a,=a;+1 =1+1=2

az=a,+1 =2+1=3

The sequenceis 1, 2, 3, ieeieecieeirveeeneenns
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Convergence and divergence:

The sequence of real numbers {a,} converges to a number L if for every
€>0 there exists a natural number N such that

| an.—L | <E€forall n>N.
We say that {a,} diverges if no such number L exists.

If {a,} converges to L then we write lim a,=L ora,» Lasn = e and

n—oo

call L the limit of the sequence {a.}.

A sequence { a, } diverges to infinity if for every number M there is a
natural number N such that a, > M for all n > N. this holds then write
lim a,=90r a,2°° asn > oo,

n—oo

A sequence { a, } diverges to negative infinity if for every number m
there is a natural number N such that a,, < m for all n > N. this holds
then write lim a,= -e@0or a,=> -0 asn > oo.

n—oo

Ex:

1) {an} = % IS a sequence .

fn=1 a;=1

Ifn=2 a,=%

Ifn=3 a3;=1/3

If Nn>eco  a,= i =0.

i.e, { }=1, % é i,o (asn— 00,1—> 0.)
Therefore { % } is a convergent sequence and it converges to 0.
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2) {bn} = v/n is a sequence.
Ifn=1 b;=+1
fn=2 b,=+?2
Ifn=3  bs=+/3.
L T e
i.e, {\/n} =1, V2,73, e es e s 00 (asn>eo,yn > o)

Therefore {v/n }is a divergent sequence and it diverges to oe.

3) {c.} =- n?is a sequence.

fn=1 c¢;=-1

Ifn=2 c;=-4

fn=3 ¢c3=-9

IfnDoo  cy=-(o0)? = - o0

e, {-n=-1,-4, -9 e, - 00 (asneoo,{—nz}e—oo.)

{- n’} is a divergent sequence and it diverges to -o.

4) {da} = (- 1)™" is a sequence.

Ifn=1 di=+1
fn=2 d,=-1
If n=3 d3=+1
Ifn=4 ds=-1

asn—>eoo we can’tsaythatd. =1lord., =-1

e, {((1)"™=1, -1, 1, -1,

Therefore (- 1)™" is a divergent sequence and it oscillates finitely
between -1 and 1.
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5) {en} = (- 1)™" n*

Ifn=1 e;=1
Ifn=2 e,=-4
If n=3 e3=9
If n=4 e,=-16

{en} = (-1)™'n*=1,-4,9,-16,cccreeeee.n.
It is a divergent sequence and oscillates infinitely.

Convergent Sequence | Converges to a Finite Value (Ex. 1)

may divergetoee (Ex.2)

Divergent Sequence may diverge to —oo ( Ex. 3)

Oscillates finitely (Ex. 4)

Oscillates infinitely ( Ex.5)

Boundedness of a sequence:

A sequence {a,} of real numbers is bounded above if
there exists a number M such that a, < M Vn. The number M is

an upper bound for {a,}.

A sequence {a,} of real numbers is bounded below if
there exists a number m such that m < a, Vn. The number m is an
lower bound for {an}.

A sequence {a,} of real numbers is bounded if it is both
bounded above and bounded below, i.e, if there exist numbers m
and M suchthat m< a, £ M Vn.

A number M is the least upper bound(lub or supremum )
for {a,} if M is an upper bound for {a,} and no number less than M
is an upper bound for {a,}.
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A number m is the greatest lower bound(glb or infimum)

for {a,} if mis a lower bound for {a,} and no number greater than

m is a lower bound for {a,}.

Ex1:
{an} = LI 1, E, E, i, oo o a1 IS a bounded sequence.
nt1t 2’ 3’4" 5
Infimum Supremum
...... -3 -2 -1 0)‘/1 2/3 % 4/5,......1_ 2 3 \lfl 5.,
Lower bounds S eq?tgnce Upper bounds
Ex2:
{fan}=== 1, %, =, %,. ... ...0 is a bounded sequence.
Supremum Infimum
...... 654321=- - = ....0-12-3-4..
=~ ~— -z 3 2 ~ ~ ~
Upper bounds Sequence Lower bounds
Ex3:
{an}=n=1, 2, 3, 4, 5. oo
infimum
w3 22 -1 01 2 3 4 5 i, oo
g - R "
Lower bounds Sequence

The above sequence is bounded below by 1 but not bounded above

and no supremum. Therefore it is not a bounded sequence.
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Ex4:

{fan}=-n=-1, -2, -3, -4 ... - 0o
Supremum
s -i -2 J]d 12345 V/OO
Sequence Upper bounds

The above sequence is bounded above by -1 but not bounded below
and no infimum. Therefore it is not a bounded sequence.

Ex5:
{an} =(—1)”+1 =1,-1,1, -1, 1, -1...... a divergent sequence.

Infimum Supremum
...... -3 -2 -1 1 2 3 4 5.
~— - ~ J N ——
Lower bounds Sequence Upper bounds

The above sequence is bounded below by -1 and bounded above by 1.
Therefore it is a bounded sequence. ( But it is a divergent sequence.)

Every convergent sequence is bounded but bounded sequence
need not be convergent.

Note: Infimum (m) £ Supremum (M) in any sequence.

Non-decreasing and Non- increasing sequence:

Let {a,} be a sequence of real numbers. {a,} is said to be a non -
decreasing sequence ifa, < an.iforallneN.

{an} is said to be a non -increasing sequence if a, = a,.1 for all n € N.
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n 1 2 3 : :
{—1}==, =, =, i i e e IS anon — decreasing sequence.
n+1 2’ 3’ 4
n+1 3 4 : : :
{T} = 2, 37 32 e e - IS @MON — INCTEASING SEqUENCE.
{K} =K, K, Kererrrerreeeenns is a non-decreasing and non -increasing
sequence.

Note: Every constant sequence is both non-increasing and
non-decreasing.

Non-decreasing sequence:

Let {a,} be a non-decreasing sequence. (a1 < a; <33 woeveeeee. )

........ Supremum

Infimum a;

1. It is bounded below by a; (first term of the sequence) and g.l.b. or
Infimum is a;.

2. If it is bounded above, then it is bounded and then it converges
toit’s l.u.b. or supremum.

3. If non-decreasing sequence is not bounded above then it has no
supremum and it diverges to o°.
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Non-increasing sequence:

Let {a,} be a non-increasing sequence. (a; > a; > asz .ceeeeen. )

Supremum ax
az
as
....... Infimum

1. It is bounded above by a; ( first term of the sequence ) and l.u.b.
or supremum is as.

2. If it is bounded below, then it is bounded and converges to its
g.l.b. or infimum.

3. If non-increasing sequence is not bounded below, then it diverges
to -oo.

A monotonic sequence of real numbers is convergent if and
only if it is bounded. J

How to check the given sequence is convergent or not?

Apply limit to the given sequence.

1. If it is a finite value L, then the sequence converges to L.
2. If it is not a finite value or limit does not exists, then the given
sequence diverges.

Exl: {an} =%

limn_m% =0. (finite value)

1
Therefore the sequence {;} converges to 0.
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Ex2: {an}=""
lim, .. "T” (Zform)

i n(1+1) .
= llmn_mT" ( L’ Hopital’s Rule)
=lim,_.(1+ %) =1 (finite value)

1
Therefore the sequence {%} converges to 1.

3n%+2n
Ex3: {an.} = —
n(3n+2) o . (3n+2) _
lim,,_, . —n(5+%) (Ooform) then lim, .. —(5+%)
2
Therefore the sequence { 31511;:1: } diverges to oo,
n
Ex4: {an} = \/ﬁ
vn+l ﬁ(1+ﬁ)
Vn
n—eo
1+—
1+

Therefore the sequence {\/% } diverges to oo.

Ex5: {a.}=(—1)"*1

lim(—1)"*1 does not exist.

n—oo

Therefore the sequence { (—1)"*1 } is a divergent sequence.
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Ex 6:

{an}=Vn+1-vn
First we have to rationalize the given sequence.

M1 vn+l+Vyn _  n+l-n _ 1
\/_X\/_+\/_ © Vn+i+vn  Vn+i+n

}ll_)l‘g\/_ = =0 (finite value)

Therefore the sequence {+/n + 1 -+/n}converges to 0.

Remember the following formulae:

1. lim Inn =0

n-oeco N

2. lim Yn =

n—oo

1
3. limxr =1 wherex>0

n—oo

4. lim x™ =0 where |x]| <1

n—oeo

n
5. lim(1+ %) = e”* foranyx

n—oeo

n

6. lim —l- 0 for any x

n—ooo N!
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Subsequence:

If {a,} is @ sequence and {n} is a sequence of natural numbers such that

Nt<ny<ny<.... Then the sequence {an} is called a Subsequence of

{an}.

Note:

1. The sequence {a,} converges to L if and only if every

subsequence of {a,} converges to L.

. If subsequences {a,n.1} and {a,,} of a sequence {a,} converge to

the same Iimit L, Then the sequence {a,} converges to L.
)”+1 -1 1 1 1 1 1 1

Ex: {an} = 1 T' g, _E' E' -g, E’ -a,
1 1
{am1}=1, 5 Tor g convergesto 0
_11 1 0
{aon} = 2 T B s converges to 0.
The subsequences are converging to 0. Therefore the given
(_ )n+1

sequence {an} = also converges to 0.

. If subsequences {a»,.1} and {a,,} of a sequence {a,} converge to

different limits L; # L,, Then the sequence {a,} diverges.
Ex:{an}=(—1)"™1=1,-1,1,-1,1, -1 e,
{aom1}=1,1,1,1, oo, Converges to 1.
{aon}=-1,-1,-1, -1, converges to -1.

The subsequences are converging to two different limits 1# -1.
Therefore the given sequence {a,} = (—1)"*! is a divergent
sequence.
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The sandwich theorem for Sequences:

Let {a,}, {bn} and {c.} be sequences of real numbers and a, < b, < ¢, for
all n beyond some index N. if lima, = limc,=L, then limb, = L.

n—oo n-—oo n—oeo

cosn

Ex: {an} =

nz

We know that -1 <cosn <1 foralln.

-1 cosn 1
— < < —
n2 n2 n2
. -1 . 1 . . cosn
lim — =0and lim — =0 then by Sandwich theorem lim =0
n—oo le n—ooo le n—ooo le

cosn
— converges to 0.
n

Therefore the given sequence {a,} =

It is not the matter, how many number of breathes we have
been taking. It is the matter how many breathless moments
we are passing through.

Jaya Krishna Reddy. M.
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